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Abstract: It is well known that the computation 

of J-integral for 3D is a challenging task even for 

a unimodular case due to the presence of 

additional area integral term. The stress 

dependent elasticity formulation required for this 

study has been carried out using commercial 

finite element software COMSOL Multiphysics 

4.4. Evaluation of J-integral in three dimensional 

bimodular stress field has been carried out for a 

cracked three point bend specimen. It has been 

observed that in contrast to unimodular models 

the degree of path independency is inferior in 

nature as the ET/EC ratio deviates from the value 

of unity. Also, the ET/EC ratio influences the 

value of the J-integral significantly. The severity 

of bimodular 3d crack progression behavior has 

been delineated with asymmetry of stress-

distribution and distortion of neutral surface.  

 

Keywords: 3D J-integral, bi-modular material, 

nuclear grade graphite, stress dependent 
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1. Introduction 
 

The development of dependable design and 

material characterization methods for the 

graphite structures used in the reactor are 

important to the NGNP (Next Generation 

Nuclear Power) Project because large amount of 

graphite (up to thousands of tons) would be 

required for the reactor core and because the 

individual graphite bricks that surround the 

nuclear fuel may experience significant loads. 

These graphite bricks has the potential for crack 

formation and even rupture in individual blocks. 

Therefore, failure theories and/or effective 

design strategies that can predict and mitigate 

failure from fracture are needed. An important 

characteristic of graphite is that its strength is 

stochastic means an individual specimen can 

show a large random fluctuation in strength from 

a population mean. Graphite can also have a 

nonlinear stress–strain response, and this 

behavior can be different in tension than in 

compression. Even though the analysis of 

materials exhibiting different tension/ 

compression characteristics was recognized by 

Saint-Venant in [1], however, the concept had 

not received much attention for a long time from 

research community. Later on, the concept of a 

bi-modular material was revisited by 

Timoshenko, while considering the flexural 

stress in such a material undergoing pure 

bending [2]. The effective modulus for stiffness 

of such a beam in pure bending was given by 

Marin [3]. The bimodulus concept was extended 

to two-dimensional materials by Ambartsumyan 

[4-6]. Within the last few decades several 

attempts have been made to establish constitutive 

relationships for such materials and develop 

analytical and numerical solutions for the 

bending and shear deformation of bimodular 

beams [7-13]. However, very few of these 

devote to the criticality of bimodularity along the 

3-D crack front due to its inherent complexity of 

singularity in the third direction along with stress 

dependent elasticity modulus. There is no secret 

of the fact that materials like graphite, ceramic 

and such other synthetic material used in high 

risk components have different modulus in 

tension and compression depending on the 

overall state of stress under various loading 

conditions. Therefore design models are heavily 

dependent on unrealistic factor of safety 

parameter, which sometimes make even the 

feasibility of the system redundant in comparison 

to other standard dimensions for similar parts. 

This has added to the uncertainty and low level 

of confidence among research community while 

designing nuclear reactor components made of 

graphite material. Therefore the authors feel, it 

will be a worthwhile exercise to formulate a 

research problem with an objective to tackle 

three dimensional crack field in a bimodular 

material aiming at minimizing catastrophic 

failures of graphite clad components. For 

assessing the fracture behavior of such materials, 

characterization of J-integral is very much 

involved and the present study devote to quantify 

it for evaluating criticality of bimodularity for 

studying three dimensional crack progression 
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behaviors. In the present study, COMSOL 

Multiphysics 4.4, finite element analysis 

software has been used to evaluate the 

deformation, stress, and the J-integral in 3D for a 

bi-modular three point bend cracked specimen as 

shown in Fig. 1. The properties of nuclear grade 

graphite material incorporated in this study has 

been referred from graphite design hand book 

[14]. The evaluation of J-integral for 3D is a 

tedious task even for a unimodular case due to 

the presence of additional area integral term. Due 

to the availability of stress dependent elasticity 

formulation required for the constitutive equation 

in bimodularity in COMSOL Multiphysics 4.4, 

the authors are motivated here for the studies of 

J-integral in 3D for nuclear grade graphite. The 

analysis is carried out to explore the variation of 

the J-integral with respect to the ET/EC ratio for a 

number of different integration contours around 

the crack tip. Also the combined effect of 

loading and bimodularity has been studied for 

same specimen.  

 

2. Problem Description and Finite 

Element Model 
 

2.1 Specimen Geometry 

 

A cracked three point bend specimen has been 

analyzed under distributed point load along the 

width Z shown in Figure 1 and 2. The specimen 

geometry is cracked throughout the width Z. The 

edge crack length is 5 mm. The length of 

specimen is 20 mm and the breadth (Z) and 

thickness (t)  are equal to 25 mm.  The finite 

element simulation was performed for  nuclear 

grade graphite (grade 2020). The Young's 

Modulus of elasticity for this graphite in tension  

is found to be 7.14757 GPa whereas in 

compression is 3.89549 GPa by analyzing stress-

strain curve [14]. The simulation for a range of 

ET/EC ratio and also for a range of applied point 

load have been done, in COMSOL Multiphysics 

4.4.   

 

Figure 1: Cracked three point bend specimen  

2.2 Finite Element Model 

 

The complex model built using COMSOL for 

desired mesh distribution control as well as 

contour formation for calculating J-integral has 

been shown in Figure 2. The mesh distribution in 

whole geometry as well as around the crack tip 

has been shown in Figure 3 and 4 respectively. 

There are 14520 hexahedral elements present in 

the numerical analysis. 

 

 
Figure 2: Finite Element model built for 

controlling symmetrical mesh to define  contour 

to evaluate the J-integral for cracked three point 

bend specimen  

 

 
Figure 3: Finite Element model mesh  for 

specimen. 

 

 
 

Figure 4: Finite Element model mesh around the 

crack tip. 

 

2.3 Bimodular formulation  

 

Some natural and man-made materials which 

exhibit different elastic moduli in tension and 
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compression are known as bi-modulus materials. 

When we perform the flexural testing the effect 

of bi-modularity really works because the top 

half portion of the specimen posses compression 

and the other half of the portion posses tension. 

The implementation of this property in finite 

element model is quite challenging task. The 

model formulation has been done using stress 

dependent elasticity, and the following steps are 

availing the bi-modular formulation:  

 

1. 1st iteration is the linear model formation 

where taking some arbitrary value of 

Young's Modulus of elasticity. That means 

the model is solved for unimodular 

condition, then after we found the stress 

distribution at each node. 

 

2. Sense the stress value at each node. 

 

3. Evaluate the value of variable p at each node. 

where p is negative hydrostatic stress. 

3

xx yy zz
p

    
  

 

      (1) 

 

4. For next iteration we have to put the ET 

(Young's Modulus of elasticity in tension) 

and EC (Young's Modulus of elasticity in 

compression) according to following 

criteria, where Young's Modulus of 

elasticity is defined by a step function. 

 

5. The modulus of elasticity of material is  

define a step function, which sense the value 

of p 

,
( )

,

T

C

E where p
E p

E where p

 
  

 

    (2) 

  

6. Putting the ET and EC value at the nodes by 

finding where the value is -p and +p 

respectively and again solve the problem. 

 

7. The iteration continues until the error became 

less than tolerance limit. 

 

8. So, the duration of solving the problem is 

greatly increased by mesh refinement and 

reducing the tolerance limit.  

 

9. So, finding appropriate solution in 3D is 

quite a difficult task because the solution 

time is too long. 

 

3. Evaluation of  J-integral for 3D 
 

The J integral is an alternative way to compute 

the point-wise value J. It is defined as the 

combination of a path integral and an area 

integral [15-18]. In order to characterize 3D 

elastic crack problems, it is customary to 

compute the point-wise value of J along a 3D 

crack front. This point-wise value is usually 

denoted as J(s), where s is a parametric 

coordinate that defines the crack front position, 

as shown in Figure 5.  

 

 
Figure 5: local cartesian coordinate system at a 

point s of the crack front. 

 

A local Cartesian coordinate system is 

conventionally defined as follows: the x2 axis is 

perpendicular to the plane tangential to the crack 

at s and the x1 and x3 axes lie in that tangential 

plane, being normal and tangent to the crack 

front, respectively. Many works regarding the 

computation of J can be found in the literature 

and we do not intend to make a thorough review 

of them [19]. For the sake of completeness, we 

introduce below the definitions and 

nomenclature that will be used in the rest of the 

study. Carpenter, Read and Dodds [16, 20]  had 

given the expression for the J integral of local 

crack extension for 3D geometries and the 

expression is given as: 

 
             1 2 3 1 2 3           J s JC s JC s JC s JA s JA s JA s     

                   (3) 
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where  ( )CiJ s  is the line  integral evaluated over 

a contour that lies in the principal normal plane 

of the crack front at "s" and that encloses the 

crack tip.  ( )AiJ s  denotes an integral evaluated 

over the area enclosed by the contour. Then each 

and every integral is defined by: 

1 1( ) e

CJ s W n d


 
        (4) 

2 1( ) p

CJ s W n d


 
        (5)            

3 ,1( )C i iJ s u T d


     (i=1,2,3)   (6)                                                                                      

1 ,1( ) p

A

A

J s W dA          (7) 

 2 ,1( ) p

A ij ij

A

J s dA     (i=1,2,3)      (8) 

3 3 ,1 ,3( ) ( )A i i

A

J s u dA  
 (i=1,2,3)    (9)  

where,   

0

ij ijW d



   ;  1

2

e

ij ijW   ; 

p eW W W                    

Here we assumed that the material is linear 

elastic, the  
2 ( )CJ s , 

1( )AJ s ,  and 
2 ( )AJ s   integrals 

are vanished. For  an elastic material in plane 

stress and plane strain the term 
3( )AJ s  also 

vanishes ,i.e, the case of 2D but in 3D for an 

elastic material ( )J s  consists of all the three 

terms as  
1( )CJ s , 

3( )CJ s and 
3( )AJ s .    

 
1 3 3( ) ( ) ( ) ( )C C AJ s J s J s J s      (10) 

1 ,1 3 ,1 ,3( ) ( )e

i i i i

A

J s W n d u T d u dA  
 

       

     (i=1,2,3)      (11) 

 1 ,1 3 ,1 ,3( ) ( )e

i i i

A

J s W n u T d u dA 


     

       (i=1,2,3)          (12) 

The ( )J s contains two integrals: the first is a 

path integral and the second is an area integral. 

Both the path Γ and the area enclosed by the path 

Γ lay in x1-x2 plane which is perpendicular to 

the crack front. In computing ( )J s the 

derivatives of stresses, strains and displacements 

are required, and when based on numerical 

approximations their values at the vicinity of a 

singular point is poor. Therefore the computation 

of the area integral is a difficult task with 

reasonable accuracy. It is clear that 0AJ   in 

the two-dimensional conditions of plane stress 

and plane strain. In a general 3D crack problem, 

it can be proved that ( )J s is equivalent to the 

Rice's J-integral [21], because  
AJ vanishes when 

Γ→0 since the area 
AJ  reduces to 0 and the 

integrand in 
AJ  is non-singular (Dodds and 

Read, 1990)[22].  

 

3.1 Contour Formation 

  

The evaluation of J-integral for 10 contours is 

used in which 8 contours are shown in the figure 

and remaining two contours are overlapping 

between contours. The line integral is evaluated 

for the following contours (shown in Figure 6) 

whereas area integral is evaluated for  area made 

by contour along crack front. 

 

 
Figure 6: Contours for evaluating J-integral 

value 

 

 

4. Results and Discussion 

 

The figure 7 and 8 describe that the stress 

distribution around the crack tip is quite high 

with respect to other part of the beam (for the 

applied point load 500N).  

  

 
Figure 7:Normal stress distribution in X-

direction 
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Figure 8: Normal stress distribution in X-

direction around the crack tip.  

 

 

 
 

Figure 9: Von-Mises stress distribution for three 

point bend specimen  

 

 
Figure 10: Von-Mises stress distribution around 

the crack tip for three point bend specimen  

 

Similar sort of distribution pattern have been 

found for Von-Mises stress distribution shown in 

figure 9  for whole geometry whereas  figure 10 

represents the distribution around the crack tip.  

 

Figure 11: Young's Modulus plot for the three 

point end specimen 

 
Figure 12: Young's Modulus plot for a cross-

section at quarter of the beam and are showing 

the shift of neutral surface. 

 

The young' modulus of elasticity plot for the 

bimodular beam in deflected condition has been 

shown in Figure 11. It is well reflected the region 

of tension and compression. Whereas Figure 12 

represents that Young's Modulus plot for a cross-

section surface at quarter of the beam from left 

end  and are showing the shift of neutral surface 

from the middle. 

 

Figure 12 shows the variation between 

normalized J integral with different ET/EC ratio at 

all contours. Here, the values of the J-integral is 

normalized by the average J-integral value where 

ET/EC ratio is unity. In this graph the path 

independent behavior of the J-integral is well 

preserved. It is observed here that for lower 

ET/EC ratio variations in the value of J-integral is 

more as compared to higher ET/EC ratio. The 

degree of path independency is going to be 

slightly inferior in nature as the ET/EC ratio 

deviates from the value of unity. The value of J-
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integral is significantly increases by increasing 

ET/EC ratio.  
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Figure 12: Normalized J-integral vs. ET/EC ratio 

at all contours 

 

Figure 13 demonstrates the variations of total J-

integral with different loads at different ET/EC 

ratio. Here, the values of total J-integral is first 

normalized by the maximum value then plotted 

against  different loads. It is observed that the 

value of J-integral is varying from 0 to 1.2 and 

there is the significant difference in the values of 

J-integral for different ET/EC ratio. It is also 

observed here that as the load increases, J-

integral values also increases significantly. 
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Figure 13: Normalized J vs. different loading at 

different ET/EC ratio. 

 

5. Conclusions 
 

It is reflected that the path independency is well 

preserved here. The degree of path independency 

is going to be slightly inferior in nature as the 

ET/EC ratio deviates from the value of unity. Also 

it is observed that the ET/EC ratio influences the 

value of the J-integral significantly. For very low 

load level, it is apparent that all the J-values 

merge into a single parabolic curve for different 

ET/EC ratio, however with increase in load level, 

strong divergence in the J-value occur for 

different ET/EC ratio. Therefore, it is concluded 

that the effect of the bi-modularity on the 

computation  of J-integral values cannot be 

neglected.  
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