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Abstract: One of the main mechanisms
in the secondary enhanced oil recovery is
countercurrent imbibition[1]. Many math-
ematical models describe countercurrent
imbibition considering local equilibrium.
However, Barenblatt proposed a model to
describe the effect of nonequilibrium con-
stitutive relations in oil water displace-
ment. This paper implements this model
for a gravity driven countercurrent imbibi-
tion process. Firstly Darcy’s equation was
written for vertical displacement of the oil
phase and the water phase. In addition, us-
ing mass conservation it is possible to for-
mulate Barenblatt’s model for two phase
gravity driven countercurrent process.

This model allows to simulate counter-
current displacement in a core initially sat-
urated with an oil phase and water phase.
The initial condition satisfies gravity - cap-
illary equilibrium in a tube of 1 m length.
Moreover, we assume no flow boundary at
both ends.
After establishing initial and boundary
conditions, initial distribution of local ef-
fective saturation, η = Sw + τ ∂Sw

∂t
, was

calculated from a stationary model using
Comsol Multiphysics . The station-
ary solution was obtained as initial condi-
tion for the time dependent model. Simu-
lations were carried out using the situation
that tube was turned 180 degree vertically.
The result shows the saturation profile as
a function of time and at the end a sta-
tionary gravity - capillary equilibrium was

obtained. However, the solution is not the
exact mirror of the initial profile. This is
attributed to this fact that a final equilib-
rium profile can only obtained after a very
long time.
Keywords: Countercurrent imbibition,
gravity - capillary equilibrium, local effec-
tive water saturation, Barenblatt’s model.

1 Introduction

Spontaneous imbibition is the process by
which the wetting phase fluid enters pores
and displaces the non-wetting phase. It
is a recovery mechanism in water wet and
mixed wet reservoirs[2]. During imbibition,
wetting and non-wetting phases can flow
in the opposite or the same directions with
respect to each other. In the case of the
opposite direction, it is called countercur-
rent imbibition, but when they flow in the
same direction, imbibition will be cocur-
rent [3, 4, 5, 6]. The physics of the pro-
cess is strongly dependent to the inverse
of Bond number, which is defined as the
relative strength of the gravitational forces
with respect to the capillary forces. For
B−1

o < 1, spontaneous imbibition is gravity
dominated while for the values of B−1

o > 5
it is capillary dominated. When B−1

o is
in between, it is intermediate and both
forces contribute in the imbibition [7, 8].
Moreover, the magnitude of the inverse of
Bond number and boundary conditions de-
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termine whether the process is cocurrent or
countercurrent[9].
Spontaneous countercurrent imbibition is a
challenging oil recovery mechanism in both
conventional and fractured oil reservoirs.
Commercial reservoir simulators use clas-
sical mathematical model to simulate flow
of immiscible flow in a porous medium un-
der unsteady state conditions[10]. This tra-
ditional theory, was introduced by Muskat
and Leverett [11, 12]. It Employs a macro-
scopic fluid flux to relate the volumet-
ric flux of a phase to its pressure gradi-
ent by Darcy’s law [13]. Application of
Darcy equation in the model requires rel-
ative permeabilities as a function of the
phase saturation. Moreover, for immisci-
ble multiphase flow in a porous medium,
the capillary pressure term is also included
in the model. Both relative permeability
and capillary pressure functions are deter-
mined under steady state condition and
they are calculated for the current satu-
ration (SW ). Therefore, it implies that
the process is in local equilibrium, which
means that phases are locally instanta-
neously redistributed[13].
From a physical point of view, the pro-
cess of spontaneous imbibition is an un-
steady state process. This implies that the
arrangement of fluids in the pore spaces
requires some relaxation or redistribution
time to achieve an equilibrium condition
during simultaneous flow of immiscible
phases. Therefore, the classical model is
not adequate for the countercurrent imbi-
bition in an oil saturated core. This is also
the case when there is a significant satu-
ration change in the porous medium such
as in the vicinity of the displacement front.
This problem was reported by several stud-
ies and suggested that there are significant
non equilibrium effects during the sponta-
neous imbibition[10, 14, 15, 16, 17].
In order to consider the non-equilibrium ef-
fects in simultaneous flow of two immis-

cible fluids in a porous medium, Baren-
blatt et al. proposed a model of fluid
flow in porous media to take this effect
into account[10, 17]. The main point in
the model is to introduce a relaxation
time for redistribution of fluids within the
pore space during immiscible displacement,
which means that the rearrangement does
not occur instantaneously. This implies a
transition time for rearrangement of fluids
at the pore scale[18, 19]; when this time
is comparable with characteristic distribu-
tion time, the wetting-fluid relative per-
meability is higher than that obtained un-
der steady-state condition. However, both
the relative permeability of the non-wetting
fluid and the capillary pressure are lower
than those in steady-state flow[17, 20]. To
solve this problem, Barenblatt’s model sug-
gests to calculate capillary pressure and rel-
ative permeability functions as a function
of the effective saturation [18, 20].
In most cases, dominant forces in coun-
tercurrent imbibition in conventional reser-
voirs and fractured reservoirs are capillary
forces. While in some cases like sponta-
neous imbibition of ultra-low IFT process
in porous media, the process may be grav-
ity dominant because the inverse of Bond
number is smaller than 1.
In the proposed model by Barenblatt et al.,
the gravity term has not been taken into ac-
count. In this work, the model was carried
out with gravity term to simulate a gravity
dominated countercurrent imbibition pro-
cess. Firstly, Darcy’s equation was written
for vertical immiscible water-oil displace-
ment. Afterwards, using mass conservation
for the two phase fluid flow, Barenblatt’s
model was formulated for gravity dom-
inated countercurrent imbibition. Then
countercurrent imbibition process was sim-
ulated in a saturated core, which the ini-
tial condition satisfied gravity - capillary
equilibrium in a core of 1 m length[21, 22].
We assumed no flow boundary at the sides
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and both ends of the core. After establish-
ing the initial and boundary conditions, the
initial distribution of the local effective sat-
uration was determined from the station-
ary model using Comsol Multiphysics.

Afterwards, the solution of the stationary
model was applied as initial condition for
the time dependent model. Simulations
were carried out using that at t=0, the core
was turned 180 degree such that the core is
still vertical, but in the opposite direction.

2 Theory

2.1 Mass Conservation Equation

The governing equation of spontaneous
countercurrent imbibition in porous media
reads

ϕ∂tSw +∇uw = 0, (1)

where the velocity field is calculated
from Darcy’s law

uw = −kλw(Sw)
∂

∂z
(Pw − ρwgz), (2)

and the phase mobility is defined as

λ(Sw) =
kl(Sw)

µl

. (3)

The total velocity is equal to zero

∇.ut = ∇. (uw + uo) = 0, (4)

the velocity of the oil phase is

ut − uw = λo(Sw)
∂

∂z
(Pc −∆ρgz) +

λo(Sw)
∂

∂z
(Pw − ρwgz), (5)

then using Darcy velocity, we can write

uw = fw(Sw)λo(Sw) σ

√

ϕ

k
×

(

∂J(Sw)

∂z
−∆ρgχ(z)

)

, (6)

which the fractional flow of the water
phase is

fw(Sw) =
λw(Sw)

λw(Sw) + λo(Sw)
. (7)

Combination of the Eq. (1) with the Eq.
(6 ) leads to

a2∇

(

∇

∫ Sw

0

fw(u)kro(u)J
′(u)du

)

− b2∇ (fw(Sw)kro(Sw)χ(z)) = −∂tSw, (8)

where a2 and b2 are

a2 =
σ

µo

√

k

ϕ
(9)

b2 =
k∆ρg

ϕµo

. (10)

2.2 Implementation of gravity term

in the Barenblatt’s Model

Barenblatt et al. considered the effect
of the non-equilibrium condition in the
flow of immiscible fluid through porous
medium by introducing an effective satu-
ration parameter. With dimensional anal-
ysis, they suggested a simple relationship
between local effective saturation and ac-
tual saturation[10]

ηw = Sw + τ
∂Sw

∂t
. (11)

Assuming a constant relaxation time, τ ,
and application of this Eq. in the Eq. (8)
leads to

ηw − Sw + τ∇
(

a2∇φ(ηw)− b2ψ(ηw)
)

= 0,
(12)

here φ and ψ are defined by

φ (ηw) =

∫ ηw

0

fw(u)kro(u)J
′(u)du, (13)

and

ψ (ηw) = fw(ηw)kro(ηw)χ(z). (14)
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Finally, a differentiating towards time
and combining the result with the equation
( 12 ) gives

∂tηw + a2∂z (∂zφ(ηw) + τ∂tφ(ηw))−

b2∂z (ψ(ηw) + τ∂tψ(ηw)) = 0. (15)

This equation represents the model of
countercurrent imbibition process, which
includes both capillary and gravity forces.
But, it needs an initial distribution of the
effective local saturation; It is determined
from

η0w(z) + τ∂z
(

a2φ(ηw)− b2ψ(ηw)
)

= S0

w(z).
(16)

3 Model Description

In order to simulate the gravity driven
countercurrent imbibition process in a
cylindrical saturated tube with Baren-
blatt’s model, we assumed a tube, which
is saturated with the oil phase and the wa-
ter phase under gravity - capillary equilib-
rium. To increase the gravitational forces,
we simulate a case that we put the core in
a centrifuge, Then, we increased the grav-
ity acceleration by a factor of 20. Using
this term we established the initial water
saturation as

Sw0 = Swc +

(

1

2
− Swc

)

×

(

γσ

√

ϕ

k
/ (∆ρḡz)

)λ

. (17)

Afterwards, we used Comsol Multi-

physics to simulate the process and deter-
mine the saturation profile in different time
steps in a saturated tube after we turned
the tube 180 degrees vertically. We used a
weak form PDE model to simulate this pro-
cess. To force the displacement to a coun-
tercurrent imbibition, both ends and sides
were taken as no flow boundary. Because
the inverse of Bond number is smaller than

one, B−1

o = 0.42, the process is gravity
dominated. Therefore, the non-equilibrium
model, which includes the gravity term is
suitable to simulate this process. Further-
more, the process in the cylindrical core is
symmetric and we reduce it to a 1D prob-
lem.

3.1 Model parameters

Model parameters are presented in Table 1

Table 1 - Model Parameters
Parameter Value Unit

φ 0.3 [m3/m3]
k 1 × 10−12 [m2]
λ 0.5 [1]
γ 0.5 [1]
µw 0.001 [Pa.s]
µo 0.001 [Pa.s]
ρw 1000 [kg/m3]
ρo 800 [kg/m3]
M 1 [1]

Height 1 [m]

Moreover, below functions have been
used for the water and the oil relative per-
meabilities functions and the Leverett J-
function in the model

krw(Sw) = Sw (18)

kro(Sw) = 1− Sw (19)

J(Sw) = 1− Sw, (20)

linear permeabilities are considered to
grasp the unstable nature of the displace-
ment process optimally.

4 Results and Discussion

Fig. 1 shows the initial water saturation
profile, Sw, in the core.
Fig. 2 depicts the distribution of the effec-
tive water saturation with redistribution
time of τ = 50 s. The final distribution
of the effective water saturation, ηw, is not
exactly a mirror-like of the initial distri-
bution. This indicates that a final equilib-
rium profile is only obtained after a very
long time.
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Figure 1 - Initial distribution of water

saturation, Sw, under gravity - capillary

equilibrium

Figure 2 - Initial distribution of the effective

water saturation, ηw, with τ = 100 s

The solution of the model using the equi-
librium scheme is shown in Fig. 3. Similar
to the effective water saturation, this fig-
ure shows a different distribution of water
saturation, Sw, rather than its mirror-like
distribution.

Figure 3 - Initial and final distribution of

water saturation, Sw, considering equilibrium

scheme with τ = 0 s

Fig. 4 depicts the comparison between the
initial effective water saturation using dif-
ferent relaxation times in the model, i.e.,
τ = 0, 50, 100, 200 s. Initial saturation
profiles have been obtained from the so-
lution of the stationary model. This fig-
ure indicates that in the middle of the core
(0.4 < H < 0.8) saturation is constant and
does not depend on the relaxation time.

Figure 4 - Initial distribution of the effective

water saturation with different relaxation

times of 0, 50, 100 and 200 s

The final distribution of the effective water
saturation with different relaxation time is
shown in the Fig. 5.
Figs. 4 and 5 show that the effective wa-
ter saturation in the top of the core de-
creases more rapid for higher relaxation
times, rather than lower relaxation times.
While at the bottom of the core, the rate
of saturation change is higher for the lower
redistribution times.

Figure 5 - Final distribution of the effective

water saturation, ηw, with different relaxation

times of 0, 50, 100 and 200 s
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5 Conclusion

In this paper the mathematical model
of Barenblatt that includes the non-
equilibrium effects for countercurrent imbi-
bition was carried out including a gravity
term to simulate a gravity dominated coun-
tercurrent imbibition process in a cylindri-
cal tube. A weak form PDE model was
used to simulate the problem with Com-

sol Multiphysics. The result shows the
saturation profile as a function of time and
again a stationary gravity - capillary equi-
librium was obtained. However, the solu-
tion is not the exact mirror of the initial
profile. This is attributed to the fact that
a final equilibrium profile is only obtained
after a very long time. This model may
be helpful for the simulation of other types
of gravity dominated countercurrent imbi-
bition in porous media.

6 Nomenclature

a2 = diffusivity coefficient, [L2/t]
b2 = gravity diffusion, [L/t]
fw = water fractional flow function, [-]
J = Leverett J-function, [-]
k = absolute permeability, [L2]
kro = relative permeability to oil, [-]
krw = relative permeability to water, [-]
H = height of the core, [L]
Sw = actual water saturation, [-]
S0

w = initial actual water saturation, [-]
t = time, [t]
ut = total flux, [L/t]
uo = oil flux, [L/t]
uw = water flux, [L/t]
σ = oil-water interfacial tension, [m/t2]
ηw = effective water saturation,[-]
η0w = initial effective water saturation, [-]
M = the ration µo/µw

µo = oil viscosity, [m/Lt]
µw = water viscosity, [m/Lt]
τ = redistribution time, [t]
φ = dimensionless function

ψ = dimensionless function
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