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Modelling

Figure: Moving bubble

C. Boeckle (Uni GE) Adaptive B.C. 10.10.12 3 / 23



Modelling

Figure: Moving fluid & wall
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Mathematical description

The steady Navier-Stokes equations in the halfspace

u · ∇u +∇p − Re−1∆u = 0 ,
∇ · u = 0 ,

in Ω = R2
y≥0\B, with

lim
|x|→∞

u = u∞ ,

u(x , 0) = u∞ .
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Clean and contaminated bubbles

Boundary conditions at interface
clean: slip b.c.

u · n|∂B = 0
n · (−pI +D(u))n|∂B = 0

contaminated: noslip b.c.

u|∂B = 0
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Code & hardware

Generalities
COMSOL multiphysics 3.5a

Matlab 2009 scripting
12-core PC (36 MB RAM)
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Truncating the domain

Figure: Theoretical domain.
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Truncating the domain

Figure: Numerical domain.
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Truncating the domain

Problems and consequences
What boundary conditions on the artificial boundaries?

What impact on physical quantities like drag and lift?
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The domain

Figure: The numerical domain and its boundaries.
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Simple boundary conditions

SBC

u|∂D = u∞ .

No fluid can exit perpendicular to the top boundary!
Fixed inflow: Overestimation of flow rate!
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Classic boundary conditions

CBC
Normal stress (f0 = 0) at the “open” boundaries
u∞ at “inlet”

(−pI +D(u))|∂Dt,r = 0 ,
u|∂Dl = u∞ .

Idealized hypothesis on stress, but fluid may exit more freely.
Fixed inflow: Overestimation of flow rate!

C. Boeckle (Uni GE) Adaptive B.C. 10.10.12 10 / 23



Classic boundary conditions

CBC
Normal stress (f0 = 0) at the “open” boundaries
u∞ at “inlet”

(−pI +D(u))|∂Dt,r = 0 ,
u|∂Dl = u∞ .

Idealized hypothesis on stress, but fluid may exit more freely.

Fixed inflow: Overestimation of flow rate!

C. Boeckle (Uni GE) Adaptive B.C. 10.10.12 10 / 23



Classic boundary conditions

CBC
Normal stress (f0 = 0) at the “open” boundaries
u∞ at “inlet”

(−pI +D(u))|∂Dt,r = 0 ,
u|∂Dl = u∞ .

Idealized hypothesis on stress, but fluid may exit more freely.
Fixed inflow: Overestimation of flow rate!

C. Boeckle (Uni GE) Adaptive B.C. 10.10.12 10 / 23



Adaptive boundary conditions

ABC
Hypothesis: velocity field in asymptotic regime at ∂D.

u|∂D = uas .

Is the hypothesis sound at all?
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Adaptive boundary conditions

Figure: Potential and wake component (streamlines).
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Adaptive boundary conditions

Asymptotic series expansion

uas
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Explicit functions (see conference proceedings)!

C. Boeckle (Uni GE) Adaptive B.C. 10.10.12 13 / 23



Adaptive boundary conditions

Asymptotic series expansion

uas

u∞
= 1 + c1

1

y
3
2
ϕ

(
x
y

)

+ c1
1
y2 η

(
x
y2

)
+ . . .

vas

u∞
= 0 + c1

1

y
3
2
ψ

(
x
y

)

+ c1
1
y3ω

(
x
y2

)
+ . . .

Explicit functions (see conference proceedings)!

C. Boeckle (Uni GE) Adaptive B.C. 10.10.12 13 / 23



Adaptive boundary conditions

Asymptotic series expansion

uas

u∞
= 1 + c1

1

y
3
2
ϕ

(
x
y

)
+ c1

1
y2 η

(
x
y2

)
+ . . .

vas

u∞
= 0 + c1

1

y
3
2
ψ

(
x
y

)
+ c1

1
y3ω

(
x
y2

)
+ . . .

Explicit functions (see conference proceedings)!

C. Boeckle (Uni GE) Adaptive B.C. 10.10.12 13 / 23



Adaptive boundary conditions

Asymptotic series expansion

uas

u∞
= 1 + c1

1

y
3
2
ϕ

(
x
y

)
+ c1

1
y2 η

(
x
y2

)
+ . . .

vas

u∞
= 0 + c1

1

y
3
2
ψ

(
x
y

)
+ c1

1
y3ω

(
x
y2

)
+ . . .

Explicit functions (see conference proceedings)!

C. Boeckle (Uni GE) Adaptive B.C. 10.10.12 13 / 23



Adaptive boundary conditions

Asymptotic series expansion

uas

u∞
= 1 + c1

1

y
3
2
ϕ

(
x
y

)
+ c1

1
y2 η

(
x
y2

)
+ . . .

vas

u∞
= 0 + c1

1

y
3
2
ψ

(
x
y

)
+ c1

1
y3ω

(
x
y2

)
+ . . .

Explicit functions (see conference proceedings)!

C. Boeckle (Uni GE) Adaptive B.C. 10.10.12 13 / 23



Adaptability

The constant c1

c1: amplitude of the correction terms

no explicit representation
depends on the body
depends on the flow, i.e., the solution
⇒ run-time iterative determination of c1 (algorithm)
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Streamlines of u − u∞

Figure: Simple boundary conditions, D10.
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Streamlines of u − u∞

Figure: Simple boundary conditions, D80.
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Streamlines of u − u∞

Figure: Classic boundary conditions, D10.
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Streamlines of u − u∞

Figure: Classic boundary conditions, D80.
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Streamlines of u − u∞

Figure: Adaptive boundary conditions, D10.
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Streamlines of u − u∞

Figure: Adaptive boundary conditions, D80.
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Streamlines of u − u∞

Figure: u − u∞, overlay of the three b.c. cases, D80.

C. Boeckle (Uni GE) Adaptive B.C. 10.10.12 15 / 23



The case of a clean bubble
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Figure: Reference: D90 & a.b.c.
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The case of a contaminated bubble
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Ellipse
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"Bone"
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Asymmetric
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Multiple disks
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Conclusions

The adaptive boundary conditions preserve a more “physical” behavior
at all domain sizes

The a.b.c. allow to increase precision and/or decrease domain size
Memory gain!
Similar a.b.c. for full space (2D and 3D) and half-space (3D).

Supported by the Swiss National Science Foundation, Grant No. 200021-124403.
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